A model, based on the statistics of fibre failure, is proposed to explain the observed tensile failure behaviour of uniaxial fibre composites. Failure occurs when a critical sized group of broken fibres develops but the final failure sequence is determined by the relative resistance of the laminate to splitting parallel to the fibres due to the shear stress developed around the groups of failed fibres.
INTRODUCTION
The simplest composite consists of a uniaxial array of uniformly spaced fibres embedded in a suitable matrix. Such behaviour is observed in some carbon-fibre/epoxy resin combinations. This type of failure is often considered to be "brittle", because it is associated with materials of low impact strength, whereas the "brush" failures are associated with materials of greater energy absorbing potential. Of course, in reality both matrix and fibre are often essentially brittle and all the failure processes are brittle. Energy is absorbed by the formation of large fracture surfaces and by mechanical dissipative processes such as friction and fibre pull-out.
The object of this discussion is to propose a qualitative model to explain the observations and to consider the extent to which the matrix and interface might influence this fibre-dominated process.
PROBABILISTIC MODEL
The most generally acceptable model for the failure of a simple uniaxial composite is based on the application of Weibull statistics, and has evolved from the original work of Rosen /1/, Zweben /2/ and Zweben and Rosen /7/. The basic premise is that fibres do not have a unique tensile strength but, being brittle solids, their strength is determined by the distribution of flaws within and on the surface of the fibres. In small-diameter fibres the critical flaws are most often at the surface. The fibre may be considered to consist of a large number of short segments joined together (Fig. 2) . Each segment will contain flaws of varying severity and, under a tension load, the segment containing the most severe flaw will fail first and, in a simple test on a single length of fibre, this event will terminate the test. It follows that in a long fibre (one containing many segments) the probability of one segment containing a severe flaw will be greater than in a short length containing few segments. Thus the average strength of short lengths will be greater than that of longer lengths.
In the Weibull model the flaws are all considered to be of similar type, but differing severity, and to be distributed randomly along the fibre according to a
Poisson distribution. The probability of failure, Pf, of a fibre of stated length, at stress σ, is then given by a simple exponential function:
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The length-dependent strength may then be described by the parameters a Q and w. The former is the & Smith 19/ and shown to comply quite closely with this assumption. This now allows us to use the experimental data to predict the strength of a very short segment of fibre and this is used as the basis of the composite failure mode. Calculations based on the data of Table 1 are given in Table 2 . Note that the characteristic stress is the stress at which the probability of failure is 0.632 (zero on the lnln axis). The simplest form of the model may now be stated. The composite is assumed to consist of an array of uniformly spaced parallel fibres set in a resin matrix. Each fibre is considered to consist of very small segments, of length x, connected in series.
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If a tensile stress is applied monotonically, sporadic fibre failures will occur at the weakest segments. These will not cause the composite to fail because the remaining fibres are stronger and will be able to carry the load.
In a parallel array of fibres with no matrix, failure of a segment would cause the fibre to cease to carry load along its entire length. If the fibres were all of equal strength, then the first failure would lead to a catastrophic failure sequence. But with fibres of variable strength, failure of the weaker will be accommodated by overloading of the surviving stronger fibres. Essentially the load carried by the broken fibres is redistributed over all the surviving fibres. This case has been treated by Daniels /10/ and Coleman /ll/ but is not relevant to the composite.
In the composite, stress may be transferred by shear 
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at the fibre/matrix interface from fibre to matrix and, thus, from fibre to fibre. When a fibre segment fails the broken end will tend to retract, but will be restrained by the matrix. This results in shear stresses being developed in the region of the break and back down the fibre for a short distance. The fibre will be unloaded over a short distance only on either side of the break, and in order to preserve the local equilibrium, the load carried by this portion of the broken fibre must be redistributed into the matrix and/or the surrounding fibres. This situation has been analysed by many workers, notably Cox /12/, Dow /13/ and Hedgepeth and Van Dyke /14/. They all show that the redistribution is extremely localised and generally contained within a volume of less than 10 fibre diameters in practical composite systems. The details of load redistribution are discussed later but the implication is that when a fibre breaks, it is unloaded over a short distance either side of the break, this is known as the ineffective length, δ, /1 /. Likewise some of the surviving fibres close to the break will accept some of the redistributed load and will thus be overloaded over a short length. This is the positively affected length or PAL 115/. Thus when the first sporadic fibre breaks occur their surviving neighbours will experience a stress concentration. This will increase their probability of failure. Eventually, under a monotonically increasing stress, the stress concentrations on the surviving fibres around a single fibre break, or singlet to use Batdorfs terminology /4/, will cause a second fibre to fail and form a diplet. Now the stress concentration around a diplet will be more severe than that associated with a singlet, so the probability of further failures to form i-plets of higher order will be increased. Eventually an i-plet of critical order will be formed, at which point the failure will spread from fibre to fibre with no further increase in stress being required to sustain the process. This is the final failure event. The sequence described above is illustrated graphically in Fig. 4 .
In this model the growing i-plet is regarded essentially as a Griffith crack which remains stable until it achieves a critical size, when it propagates in an unstable manner across the entire section. In a section of finite dimensions there is an equal probability of i-plet development throughout the section. However, i-plets which form at a free surface will have a more severe effect than similar ones buried within the section. It is necessary to modify the treatment to allow for this when predicting the strength of small sections where the ratio of surface area to cross-section area is high /16/.
In order to quantify the model it is necessary to know, or assume, values for the ineffective length, δ, the Brittle failure sequence (schematic).
Schematic failure sequence for the brittle fracture mode. At first a number of sporadic fibre breaks occur to form singlets (a).
As the stress is increased (b), further singlets form and some grow to form higher order i-plets. Eventually (c), one i-plet attains critical size and propagates across the section with no further increase in the applied stress.
positively affected length (PAL) and the stress concentration factor, k., associated with i-plets of the relevant order. We also require the Weibull distribution parameters for the fibre. The fibres are then assumed to consist of segments of length equal to δ. The probability of failure of a segment, of length δ, at any applied stress S, may then be calculated by weak link scaling:
And the number of singlets in the sample determined:
Where Ν = number of fibres across the section.
The stress concentration factor is then applied to the neighbouring fibres (e.g. 4 or 6 for square and hexagonal arrays respectively), and their probability of failure and hence number of diplets may be determined. The stress concentration increases as the i-plet grows. For this reason a load sharing parameter, f, has been introduced /17/, where the stress concentration factor for an i-plet of order i, k { , is defined by: k.
f + Vi and the number of load-sharing fibres by:
A low value of f indicates few sharing neighbours and therefore a more severe stress concentration factor.
So that the probability of forming a diplet is:
\δ) and the number of diplets:
This process may be repeated for successive orders of 
The results of computations along these lines are shown in Table 3 . This is based on a carbon-fibre/epoxyresin composite with various assumptions for δ and f.
Note that the predicted strength is reduced when either δ or the SCF is increased (i.e. when f is reduced). In practice it is difficult to obtain accurate estimates for either of these parameters. The value of δ is generally taken to be up to about 10 fibre diameters but will vary according to the shear modulus of the matrix and the strength of the interface. The stress concentration will depend on the fibre packing arrangement and in real composites will vary quite widely from fibre to fibre.
Tensile Strength of Uniaxial Composites
The values calculated from finite element analyses and shear lag calculations are generally in the range 1.08 to Values of 6-9 are generally found for the combination of input parameters considered to be "realistic".
LOAD TRANSFER AF FIBRE BREAK
When a fibre breaks, it is unable to transmit load across the broken ends, which tend to retract but are constrained by the matrix. The classic treatment of this situation is due to Cox /12/ who used a shear-lag analysis. Figure 5 shows the general form of the distribution of tensile stress in the fibre and shear stress at the interface resulting from this analysis. The rate of stress transfer is determined by the ratio of the fibre tensile modulus to the shear modulus of the matrix. The higher this ratio E f /G m , the longer the transfer length (δ) and the lower the maximum shear stress at the fibre end. The assumptions of the model are that both fibre and matrix are perfectly elastic and remain bonded, and no stress is transferred across the fibre tip to the matrix. If realistic values of E, and G are used, the maximum shear stress
is often greater than the shear strength of the matrix. Thus, we would expect that the assumption of elastic behaviour and perfect bonding would be violated. Some calculated values are given in Table 4 . From this it will The consequences of this inelastic behaviour are that the transfer length is increased. In practice a number of phenomena are observed at the fibre break. These are indicated schematically in Fig 6. In Fig. 6d the matrix deforms plastically extending the transfer length and modifying the stress distribution along the fibre as shown. A further possibility is that a crack is induced in the matrix at the fibre break (Fig. 6c) , often observed in the more brittle resin systems, this inhibits stress build-up in the matrix and extends the transfer zone. A similar effect occurs if the fibre debonds from the matrix (Fig. 6b) . This would occur if the interface strength were relatively low and the matrix brittle. Stress redistribution at broken fibre.
The figure depicts a broken fibre and a surviving adjacent fibre within a uniaxial laminate. The tensile stress distribution in the broken fibre (a), shows the stress increasing exponentially from zero at the break towards the nominal stress level, σ<> well away from the plane of the fracture. The ineffective length, δ, is defined as the distance over which the stress builds up to 0.9 of the far-field value.
In (b) the stress in the surviving neighbour is depicted. This increases above OQ over the distance defined by PAL. For convenience in modelling, the overloaded portion is often shown as a step-function as indicated by δ'. The stress concentration is the maximum stress (opposite the break) divided by σο-These distributions are based on the shear-lag analysis /12/ and assume elastic behaviour. In real composites the stress distribution is usually affected by inelastic behaviour. Three phenomena are illustrated in the figure: In (b) the fibre has debonded from the matrix. This reduces the rate of stress transfer from the matrix to the fibre, extending the ineffective length as depicted in (a).
In (c) a penny-shaped crack has formed in the matrix at the fibre break and in (d) the matrix has yielded plastically in the region of the break, both in response to the shear stresses developed in the matrix when the fibre fails. The consequences are similar to (a) and the ineffective length is extended in comparison with the predictions from the elastic analysis.
Any extension of δ will have a consequent effect on the PAL in the adjacent fibres. This determines the effective segment length to be used in the basic model discussed earlier. A longer segment will have a lower strength and hence a higher probability of fracture.
The actual stress distribution in both broken and the bridging fibres is exponential as shown in the diagrams. However, in the model this is replaced by an equivalent step function (δ' in Fig. 5 ). This is really just the more highly stressed part of the PAL so that the value input in the model will be somewhat shorter than the whole PAL as defined by Barry /IS/. This goes someway towards explaining the rather low values of δ needed to match the experimental data (Table 3 ).
DYNAMIC EFFECTS
A further important consideration is the dynamic nature of fracture and crack propagation. When a fibre fractures there is a sudden release of elastic strain energy which results in a transient stress distribution more severe than that calculated for stable static conditions. A number of workers /e.g. 19, 20/ have calculated dynamic stress concentration factors which are shown to be up to 15% greater than the static values. The energy release also influences the development of matrix cracks and debonding at the tip of the broken fibre, or group of fibres. In a study of failure of hybrid-fibre composites, consisting of thin carbon-fibre ligaments dispersed in a glass-fibre/epoxy-resin laminate, Pitkethly /21/ observed that there was no debonding at breaks in ligaments of 1000 fibres (about 300μηι diameter), but considerable debonding with bundles of 5000 and 10000. A further observation was that the debonds formed instantly, as the bundle fractured, and did not grow when the tensile load on the coupon was increased. This suggests that the formation of the debond was due to the dynamic energy release. A similar effect has been observed by Clarke /22/, in this case on large diameter (ΙΟΟμηι) silicon carbide fibres in resin matrices. Clarke has also observed multiple fracture of embedded fibres. This is apparently due to shock waves initiated by the primary fibre fracture. A single event has been observed to result in several secondary failures either side of the primary fracture, the fibre fragments being only 2-3 fibre diameters in length. This is much too short to have been caused by any shear interaction between fibre and matrix.
The interpretation of these observations is that the energy released when a small-diameter fibre breaks is
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usually insufficient to permit significant debonding, but when larger diameter fibres, or bundles of fibres fail simultaneously, the greater energy release will cause debonding. Another factor is that around a single break in a small fibre (~10μπι) relatively small displacements in the resin will accommodate the stress redistribution.
As the i-plet grows, the ineffective length increases in proportion to the increased cross-sectional area of the group of broken fibres (essentially the group behaves like a single larger ligament), the displacements thus become greater and failure of the matrix, or interface, in shear is initiated; so that as an i-plet develops, even beyond its critical size, a debond is developed. This decouples the unstable i-plet from the rest of the section and its growth is arrested. Further increase in stress will cause other i-plets to become critical and they too will decouple in a similar manner. We can then envisage a scenario of sporadic i-plet development with associated debonding which leads to the typical brush-like fracture described earlier. This sequence is illustrated in Fig 7. 
FAILURE MODES IN TENSION
The arguments advanced above now permit a general explanation of the two failure modes described in the introduction.
The "brittle" mode will occur in systems which have a high resistance to debonding. This would be expected when the interface bond is strong and the matrix has a high shear strength and low notch sensitivity. Failure develops from a single critical initiation point (i-plet) and propagates across the entire cross section. Little splitting would preceed the failure event, but some consequential splitting might occur as a result of the explosive energy release when the section separates.
In the "splitting" mode sporadic fracture initiation occurs but each crack is arrested when debonds decouple it from the remaining section. Several of these events might occur during the stable phase of monotonic loading. As the section becomes cumulatively weakened by these failures the process becomes unstable and a sequence of i-plet formation and splitting leads to the final separation of the section. This behaviour would be expected of composites with weak interfaces and with brittle resins of low shear strength. This failure process would also be more probable in composites formed from larger diameter fibres such as the boron or silicon carbide produced by chemical vapour deposition. Splitting failure mode.
As the laminate is loaded in tension sporadic singlets are formed, as for the brittle case (Fig. 4) . On further loading higher order i-plets are formed but splitting effectively decouples them from the rest of the section and prevents growth of the i-plet.
This allows further i-plets to develop and the multiple splitting sequence to develop (c).
INFLUENCE OF THE MATRIX AND INTERFACE ON TENSILE STRENGTH
The tensile strength of a uniaxial composite is mainly influenced by the strength of the fibres and the fibre volume fraction. The matrix, however, in combination with the interface has a role in influencing both strength and failure mode. Any variable which increases the length of the stress transfer zone around a fibre break will tend to reduce the tensile strength and to increase the likelihood of the splitting failure mode. The relevant variables are lower shear modulus, lower shear strength, greater notch sensitivity and reduced interface strength. Conversely increasing the matrix shear modulus or the interface strength will increase the tensile strength of the composite and predispose it towards the "brittle" failure mode.
Composites which fail by the splitting mode are inherently more damage tolerant than the more strongly bonded materials, as the damaged zone will more readily decouple by debonding, splitting and delamination.
The observations on which this discussion has been based were made on systems with essentially brittle resins. The role of matrix ductility and toughness is still not understood. It seems likely that the modern tough epoxy and thermoplastic resins are able to accommodate local displacements by plastic flow. This should marginally reduce the tensile strength of the composite. These materials are generally found to fail without extensive splitting but are found to have good damage tolerance under certain circumstances.
